Abstract. We report on recent results on the Quantum Field Theory of mixed particles. The quantization procedure is discussed in detail, both for fermions and for bosons and the unitary inequivalence of the flavor and mass representations is proved. Oscillation formulas exhibiting corrections with respect to the usual quantum mechanical ones are then derived.
Introduction
The chapter of particle mixing and oscillations [1] is one of the most important and fascinating in the book of modern Particle Physics. This is especially true after the recent experimental results [2] which finally confirm, after a long search, the reality of neutrino oscillations [3, 4] : this represents indeed the first clear evidence for physics beyond the Standard Model.
Many unanswered questions about the physics of particle mixing are however still there, in particular from a theoretical point of view. Apart from the problem of the origin of mixing and of the small neutrino masses, difficulties arise already in the attempt to find a proper mathematical setting for the description of mixed particles in Quantum Field Theory (QFT).
It is indeed well known [5] that mixing of states with different masses is not allowed 1 in non-relativistic Quantum Mechanics (QM). In spite of this fact, the quantum mechanical treatment is the one usually adopted for its simplicity and elegance. A review of the problems connected with the QM of mixing and oscillations can be found in Ref. [7] . Difficulties in the construction of the Hilbert space for mixed neutrinos were pointed out in Ref. [8] .
Only recently [9] - [22] a consistent treatment of mixing and oscillations in QFT has been achieved and we report here on these results.
The main point of our analysis [9] consists in the observation that a problem of representation (i.e. choice of the Hilbert space) may arise when we start to mix fields with different masses. This has to do with the peculiar mathematical structure of QFT, where unitarily inequivalent representations of the algebra of fields do exist [23, 24] : a classical example is the one of theories with spontaneous breakdown of symmetry. This situation is in contrast to the one of QM, which deals with systems with a finite number of degrees of freedom and where only one Hilbert space is admitted (von Neumann theorem).
On this basis, a careful analysis of the usual mixing transformations in QFT reveals a rich non-perturbative structure associated to the vacuum for mixed particles, which appears to be a condensate of particle-antiparticle pairs, both for fermions and bosons. The vacuum for the mixed fields is a generalized coherent stateà la Perelomov [25] .
The structure of flavor vacuum reflects into observable quantities: exact oscillation formulas [11, 18] are derived in QFT exhibiting corrections with respect to the usual QM ones. We also show that a geometric phase is associated to flavor oscillations [26] .
The material here presented is organized in the following way:
In Section 2, the mixing transformations are studied in QFT, both for fermions and bosons, in the case of two flavors. The currents and charges for mixed fields are also introduced and then used in Section 3 to derive exact oscillation formulas for charged fields (bosons and fermions). The case of neutral fields is treated in Section 3.3.
The geometric phase for oscillating particles is studied in Section 4. In Section 5 the case of three flavor mixing is considered and the deformation of the associated algebra due to CP violation is discussed. Finally, in Section 6, a space dependent oscillation formula for neutrinos is derived using the relativistic flavor current.
Mixing transformations in Quantum Field Theory
In this Section we study the quantization of mixed fields both for Dirac fermions and for charged bosons [9, 10, 18] . For simplicity, we limit ourselves to the case of two generations (flavors) although the main results presented below have general validity [14] . Three flavor fermion mixing [19] is discussed in §5.
Fermion mixing
Let us consider 2 two flavor fields ν e , ν µ . The mixing relations are [3] ν e (x) = cos θ ν 1 (x) + sin θ ν 2 (x)
Here ν e , ν µ are the (Dirac) neutrino fields with definite flavors. ν 1 , ν 2 are the (free) neutrino fields with definite masses m 1 , m 2 , respectively. θ is the mixing angle. The fields ν 1 and ν 2 are expanded as
k,i and the β r k,i (r = 1, 2), are the annihilation operators for the vacuum state |0 1,2 ≡ |0 1 ⊗ |0 2 : α r k,i |0 1,2 = β r k,i |0 1,2 = 0. The anticommutation relations are:
4) All other anticommutators are zero. The orthonormality and completeness relations are:
In QFT the basic dynamics, i.e. the Lagrangian and the resulting field equations, is given in terms of Heisenberg (or interacting) fields. The physical observables are expressed in terms of asymptotic in-(or out-) fields, also called physical or free fields. In the LSZ formalism of QFT [23, 24] , the free fields, say for definitiveness the in-fields, are obtained by the weak limit of the Heisenberg fields for time t → −∞. The meaning of the weak limit is that the realization of the basic dynamics in terms of the in-fields is not unique so that the limit for t → −∞ (or t → +∞ for the out-fields) is representation dependent.
Typical examples are the ones of spontaneously broken symmetry theories, where the same set of Heisenberg field equations describes the normal (symmetric) phase as well as the symmetry broken phase. Since observables are described in terms of asymptotic fields, unitarily inequivalent representations describe different, i.e. physically inequivalent, phases. It is therefore of crucial importance, in order to get physically meaningful results, to investigate with much care the mapping among Heisenberg or interacting fields and free fields, i.e. the dynamical map.
With this warnings, mixing relations such as the relations (1) deserve a careful analysis, since they actually represent a dynamical mapping.
It is now our purpose to investigate the structure of the Fock spaces H 1,2 and H e,µ relative to ν 1 , ν 2 and ν e , ν µ , respectively. In particular we want to study the relation among these spaces in the infinite volume limit. As usual, we will perform all computations at finite volume V and only at the end we will put V → ∞.
Our first step is the study of the generator of Eqs.
(1) and of the underlying group theoretical structure. Eqs.(1) can be recast as [9] : where 0 ≤ θ < π 2 . We then compute 1,2 0|0(t) e,µ and obtain
where the function |V k | 2 is defined in Eq. (25) and plotted in Fig.1 . Note that |V k | 2 depends on |k|, it is always in the interval [0, 2 [ and goes to zero for |k| → ∞. By using the customary continuous limit relation
d 3 k, in the infinite volume limit we obtain (for any t)
since Γ(k) < 1 for any value of k and of m 1 and m 2 (with m 2 = m 1 ).
Notice that (16) shows that the orthogonality between |0(t) e,µ and |0 1,2 is due to the infrared contributions which are taken in care by the infinite volume limit and therefore high momentum contributions do not influence the result (for this reason here we do not need to consider the regularization problem of the UV divergence of the integral of ln Γ(k)). Of course, this orthogonality disappears when θ = 0 and/or when m 1 = m 2 (in this case V k = 0 for any k ).
Eq.(16) expresses the unitary inequivalence in the infinite volume limit of the flavor and the mass representations and shows the nontrivial nature of the mixing transformations (1), resulting in the condensate structure of the flavor vacuum. In Section 3 we will see how such a vacuum structure leads to phenomenological consequences in the neutrino oscillations, which may be possibly experimentally tested.
By use of G θ (t), the flavor fields can be expanded as:
with (σ, i) = (e, 1), (µ, 2). The flavor annihilation operators are defined
In the reference frame such that k = (0, 0, |k|), we have the simple expressions:
where ǫ r = (−1) r and
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The condensation density of the flavor vacuum is given by
with the same result for antiparticles 3 . Note that the |V k | 2 has a max-
Boson mixing
Let us now consider boson mixing [10, 18] in the case of charged fields. We define the mixing relations as:
where generically we denote the mixed fields with suffixes A and B. Let the fields φ i (x), i = 1, 2, be free complex fields with definite masses. Their conjugate momenta are π i (x) = ∂ 0 φ † i (x) and the commutation relations are the usual ones:
with i, j = 1, 2 and the other equal-time commutators vanishing. The Fourier expansions of fields and momenta are:
where
, with i, j = 1, 2 and the other commutators vanishing.
We proceed in a similar way as for fermions and write Eqs. (28) as
with (σ, i) = (A, 1), (B, 2), and similar expressions for π A , π B . We have
The operators
close the su(2) algebra (at a given t).
As for fermions, the action of the generator of the mixing transformations on the vacuum |0 1,2 for the fields φ 1,2 is non-trivial and induces on it a SU (2) coherent state structure [25] :
We will refer to the state |0(t) A,B as to the flavor vacuum for bosons. The orthogonality between |0(t) A,B and |0 1,2 can be proved [18] . The Fourier expansion for the flavor fields is: Figure 2 . The boson condensation density |V k | 2 as a function of |k| for m1 = 1, m2 = 10 (solid line) and m1 = 2, m2 = 10 (dashed line).
with (σ, i) = (A, 1), (B, 2), and similar expressions for π A , π B .
The annihilation operators for the vacuum |0(t) A,B are defined
These operators satisfy the canonical commutation relations (at equal times). As for the case of the fermion mixing, the structure of the flavor ladder operators Eqs. (38)- (41) is recognized to be the one of a rotation combined with a Bogoliubov transformation. Indeed, in the above equations appear the Bogoliubov coefficients:
Note the difference with respect to the fermionic case Eq.(26).
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The condensation density of the flavor vacuum is given for any t by
with same result for antiparticles. The function |V k | 2 is maximal at
. A plot is given in Fig.2 for sample values of the masses.
Currents and charges for mixed fields
We now study the transformations acting on a doublet of free fields with different masses. The results of this Section clarify the meaning of the su(2) algebraic structure found before and will be useful in the discussion of neutrino oscillations.
Fermions
Let us consider the Lagrangian for two free Dirac fields, with masses m 1 and m 2 :
We introduce a subscript m to denote quantities which are in terms of fields with definite masses.
L is invariant under global U (1) phase transformations of the type Ψ ′ m = e iα Ψ m : as a result, we have the conservation of the Noether charge Q = d 3 x I 0 (x) (with I µ (x) =Ψ m (x) γ µ Ψ m (x)) which is indeed the total charge of the system (i.e. the total lepton number). Consider then the global SU (2) transformation [16] :
with τ j = σ j /2 and σ j being the Pauli matrices. For m 1 = m 2 , the Lagrangian is not generally invariant under the above transformations. We have indeed:
Explicitly:
The charges Q m,j (t) ≡ d 3 x J 0 m,j (x) satisfy the su(2) algebra (at equal times): [Q m,j (t), Q m,k (t)] = i ǫ jkl Q m,l (t) . Note that 2Q m,2 (t) is indeed the generator of mixing transformations introduced in §2.1. Also note that Casimir operator is proportional to the total (conserved) charge: C m = 1 2 Q and that, since Q m,3 is conserved in time, we have
These are nothing but the Noether charges associated with the noninteracting fields ν 1 and ν 2 : in the absence of mixing, they are the flavor charges, separately conserved for each generation.
Bosons
The above analysis can be easily extended to the boson case. We consider the Lagrangian
with Φ T m = (φ 1 , φ 2 ) being charged scalar fields and
Again, the corresponding charges Q m,j (t) satisfy the su(2) algebra and the mixing generator for bosons is proportional to Q m,2 (t).
Generalization of mixing transformations
We have seen in §2.1 how the fields ν e and ν µ can be expanded in the same bases as ν 1 and ν 2 , see Eq. (17) . As observed in Ref. [13] , however, such a choice is actually a special one, and a more general possibility exists. Indeed, in the expansion Eq.(17) one could use eigenfunctions with arbitrary masses µ σ and write the flavor fields as [13] :
where u σ and v σ are the eigenfunctions with mass µ σ (σ = e, µ). We denote by a tilde the generalized flavor operators introduced in Ref. [13] . 
where ξ k σ,j ≡ (χ σ − χ j )/2 with cot χ σ = |k|/µ σ and cot χ j = |k|/m j . Thus the Hilbert space for the flavor fields is not unique: an infinite number of vacua can be generated by introducing the arbitrary mass parameters µ σ . It is obvious that physical quantities must not depend on these parameters. Similar results are valid for bosons, see Ref. [18] .
Flavor oscillations in QFT
As an application of the theoretical scheme above developed, we study flavor oscillations, both for fermions and for bosons. The QFT treatment leads to exact oscillation formulas exhibiting corrections with respect to the usual QM ones.
Neutrino oscillations
Let us now return to the Lagrangian Eq.(46) and write it in the flavor basis (subscript f denotes here flavor)
where Ψ T f = (ν e , ν µ ) and M = m e m eµ m eµ m µ . Obviously, L is still invariant under U (1). We then consider the SU (2) transformation [16] :
The charges Q f,j (t) ≡ d 3 x J 0 f,j (x) satisfy the su(2) algebra. Note that, because of the off-diagonal (mixing) terms in the mass matrix M , Q f,3
is not anymore conserved. This implies an exchange of charge between ν e and ν µ , resulting in the phenomenon of flavor oscillations.
Let us indeed define the flavor charges for mixed fields as
where Q e (t) + Q µ (t) = Q. They are related to the Noether charges as
with (σ, i) = (e, 1), (µ, 2). From Eq.(67), it follows that the flavor charges are diagonal in the flavor ladder operators:
with σ = e, µ. We work in the Heisenberg picture and define the state for a particle with definite (electron) flavor, spin and momentum as 4 :
where |0 e,µ ≡ |0(0) e,µ . Note that the |α r k,e is an eigenstate of Q e (t), at t = 0: Q e (0)|α r k,e = |α r k,e . We thus have e,µ 0|Q σ (t)|0 e,µ = 0 and
Charge conservation is ensured at any time: Q k,e (t) + Q k,µ (t) = 1. The oscillation formulas for the flavor charges are then [11] Q k,e (t) = 1 − sin This result is exact. There are two differences with respect to the usual formula for neutrino oscillations: the amplitudes are energy dependent, and there is an additional oscillating term. In the relativistic limit (|k| ≫ √ m 1 m 2 ) we obtain (θ = π/4):
The usual QM formulas [3] , are thus approximately recovered. Observe that for small times we have:
Thus, even for the case of relativistic neutrinos, QFT corrections are in principle observable (for sufficiently small time arguments). We also note that the above quantities are not interpreted as probabilities, rather they have a sense as statistical averages, i.e. as mean values. This is because the structure of the theory for mixed field is that of a many-body theory, where does not make sense to talk about single-particle states. This situation has a formal analogy with QFT at finite temperature, where only statistical averages are well defined.
We now show [15] that the above results are consistent with the generalization introduced in §2.4, i.e. that the exact oscillation probabilities are independent of the arbitrary mass parameters.
It can be indeed explicitly checked that
which ensure the cancellation of the arbitrary mass parameters. Note that the flavor charge operators Q σ (t) are invariant under the action of the Bogoliubov generator Eq.(61); however this is not sufficient to guarantee the result Eq.(75) which is non-trivial and provide a criterion for the selection of the observables for mixed fields [22] . As a matter of fact, the number operators for mixed fields are not good observables since their expectation values do depend on the arbitrary mass parameters. In §3.3 we will consider another observable, the momentum operator. identically. It is however possible to identify also in this case the relevant observables for the description of flavor oscillations.
As an example, let us consider the case of a neutral boson field, analogous treatment can be done for the Majorana field [20] : the notation is the same as in §2.2, the mixing relations being given by Eq. (28) . The expansion for the neutral field is (with x 0 ≡ t):
with i = 1, 2 and a similar expansion for the conjugate momenta π i (x). The generator of the mixing transformations can be written as by
The SU (2) structure is thus still present, although being not related to any flavor charges. The flavor annihilation operators take now the following form [20] :
(85) where the Bogoliubov coefficients coincide with those above defined for charged bosons.
We then consider the momentum operator, defined as [23] :
For the free fields φ i we have:
with i = 1, 2. The momentum operator for mixed fields is:
with σ = A, B. Note that the total momentum is conserved in time: P A (t) + P B (t) = P 1 + P 2 ≡ P. Let us now consider the expectation values of the momentum operator for flavor fields on the flavor state |a k,A A,B , defined as in Eq.(76). Obviously, this is an eigenstate of P A (t) at time t = 0:
which follows from P 1 |a k,1 = k |a k,1 by application of G −1 θ (0). At time t = 0, the expectation value of the momentum (normalized to the initial value) gives A,B 0|P σ (t)|0 A,B = 0 and:
with σ = A, B, which is of the same form as the expression one obtains for the charged field. The oscillation formulas coincide with those in Eqs. (79),(80). Similar results are valid for Majorana neutrinos [20] .
Geometric phase for oscillating particles
Let us now see how the notion of geometric phase [27] enters the physics of mixing by considering the example of neutrino oscillations. We consider here two flavor mixing in the Pontecorvo approximation [26] , for an extension to three flavors see Ref. [28] . The flavor states are: |ν e = cos θ |ν 1 + sin θ |ν 2 (90)
The electron neutrino state at time t is [3] |ν e (t) ≡ e −iHt |ν e (0) = e −iω 1 t cos θ |ν
where H|ν i = ω i |ν i , i = 1, 2. The state |ν e (t) , apart from a phase factor, reproduces the initial state |ν e (0) after a period T =
We now show how such a time evolution does contain a purely geometric part. It is straightforward to separate the geometric and dynamical phases following the standard procedure [27] :
We thus see that there is indeed a non-zero geometrical phase β e , related to the mixing angle θ, and that it is independent from the blasonevitielloBregenz.tex; 1/02/2008; 22:04; p. 16 neutrino energies ω i and masses m i . In a similar fashion, we obtain the Berry phase for the muon neutrino state:
Note that β e + β µ = 2π. Generalization to n−cycles is also interesting. Eq.(94) can be rewritten for the n−cycle case as
Eq. (96) shows that the Berry phase acts as a "counter" of neutrino oscillations, adding up 2π sin 2 θ to the phase of the (electron) neutrino state after each complete oscillation.
In Ref. [26] , a gauge structure and a covariant derivative were introduced in connection with the above geometric structures.
The case of three flavor mixing has been analyzed in Ref. [28] . The above result also applies to other (similar) cases of particle oscillations, for example to Kaon oscillations. Finally, we note that a measurement of the above geometric phase would give a direct measurement of the mixing angle independently from the values of the masses.
Three flavor fermion mixing
We now consider some aspects of fermion mixing in the case of three flavors [9, 19] . This is particularly relevant because of the possibility of CP violation associated with it. Among the various possible parameterizations of the mixing matrix for three fields, we choose to work with the standard representation of the CKM matrix [1] : with c ij = cos θ ij and s ij = sin θ ij , being θ ij the mixing angle between ν i , ν j and Ψ T m = (ν 1 , ν 2 , ν 3 ), Ψ T f = (ν e , ν µ , ν τ ). As shown in Ref. [9] , the generator of the transformation (97) is:
with (σ, i) = (e, 1), (µ, 2), (τ, 3), and
It is evident from the above form of the generators, that the phase δ is unavoidable for three field mixing, while it can be incorporated in the definition of the fields in the two flavor case. In Ref. [19] , the flavor vacuum and the flavor annihilation operators were studied for the above mixing relations. Oscillation formulas were derived exhibiting CP violation. Here we do not report on these results, rather we comment on the algebraic structure associated with the generator Eq.(99). Indeed, the generators Eqs. (100)- (102) can be obtained by acting on the triplet Ψ T m = (ν 1 , ν 2 , ν 3 ) with global phase transformations, in analogy with what has been done in §2.3.1. One then obtains the following set of charges [19] :
whereF j ≡ 1 2λ j and theλ j are a generalization of the usual Gell-Mann matrices λ j :
These are normalized as tr(λ jλk ) = 2δ jk . Thus the matrix Eq.(97) is generated byQ m,2 (t),Q m,5 (t) andQ m,7 (t), with {δ 2 , δ 5 , δ 7 } → {0, δ, 0}. The interesting point is that the algebra generated by the matrices Eq.(104) is not su(3) unless the condition ∆ ≡ δ 2 + δ 5 + δ 7 = 0 is imposed: such a condition is however incompatible with the presence of a CP violating phase. When CP violation is allowed, then ∆ = 0 and the su(3) algebra is deformed. To see this, let us introduce the raising and lowering operators, defined as [1] :
We also define:
Then the deformed commutators are the following ones:
all the others being identical to the ordinary su(3) ones [1] .
Neutrino oscillations from relativistic flavor current
A realistic description of neutrino oscillations requires to take into account the finite size of source and detector and the fact that in current experiments what is measured is the distance source-detector rather than the time of flight of (oscillating) neutrinos. Thus various approaches were developed, based on wave-packets and leading to a space-dependent oscillation formula [29] - [35] .
Here we report about recent results, showing how an exact expression for QFT space-dependent oscillation formula can be found by using the above defined flavor states and relativistic flavor currents [21] . Such an approach was first proposed in Ref. [36] in the context of non-relativistic QM (see also Ref. [7] ). We thus consider the flux of (electron) neutrinos through a detector surface
The neutrino state is described by a wave packet: The flavor current is: J µ e (x) =ν e (x)γ µ ν e (x). In Ref. [21] it is shown that e,µ 0|J µ (x, t)|0 e,µ = 0 and
with The expression in Eq.(110) contains the most general information about neutrino oscillations and can be explicitly evaluated once the form of the wave-packet is specified. A similar expression can be easily obtained for the other quantity of interest, namely ν e |J µ µ (x, t)|ν e . An oscillation formula in space is then obtained in Ref. [21] in the case of spherical symmetry and by assuming a gaussian wave packet for the flavor state:
Such an expression can be evaluated numerically (see Fig.(3) ) and it reduces [21] to the standard formula [31, 30] in the relativistic limit: 
Summary
In this report we have discussed recent results in the area of field mixing and oscillations. We have shown that a consistent field theoretical treatment is possible, both for fermions and for bosons, once we realize the unitary inequivalence of the mass and flavor representations. The flavor Hilbert space is thus constructed and the flavor vacuum is shown to have the structure of a SU (n) generalized coherent state, for the case of mixing among n generations 5 . We have then discussed the algebraic structure of the currents and charges associated with field mixing.
On the basis of these results, exact oscillation formulas have been calculated, exhibiting non-perturbative corrections with respect to the usual QM ones. The usual formulas are shown to be approximately valid in the relativistic region. Exact oscillation formulas in space can also be derived by use of the relativistic flavor currents.
We have also shown that a geometric phase is associated to flavor oscillations and discussed the role of the CP violating phase in connection with the algebra of currents associated to three flavor mixing.
For lack of space, we have omitted other interesting development, in particular we would like to mention the analysis, in the above framework, of the neutrino oscillations in matter (MSW effect) [37] . An interesting new line of research is the investigation of the issue of Lorentz invariance for the flavor states [38] : deformed dispersion relations for neutrino flavor states may be indeed incorporated into frameworks encoding the breakdown of Lorentz invariance [39] .
